We study the existence and properties of metrics maximising the first Laplace eigenvalue among conformal metrics of unit volume on Riemannian surfaces. We describe a general approach to this problem (and its higher eigenvalue versions) via the direct method of calculus of variations. The principal results include the existence of a partially regular λ 1 -maximiser and the characterisation of its complete regularity.
Introduction

Preliminaries
Let M be a compact surface, possibly with boundary. For a Riemannian metric g on M we denote by 0 = λ 0 (g) < λ 1 (g) λ 2 (g) . . . λ k (g) . . . the eigenvalues of the Laplace operator −∆ g . When M has a non-empty boundary we assume the Neumann boundary conditions are imposed. By the result of Korevaar [28] , each eigenvalue λ k (g) is bounded as the metric g ranges in a fixed conformal class on M. More precisely, if M is an orientable surface of genus γ, then there exists an absolute constant C * > 0 such that for any Riemannian metric g the following estimate holds
for each k 0. This is a generalisation of an earlier result by Yang-Yau [40] for the first eigenvalue: for any Riemannian metric g λ 1 (g)Vol g (M) 8π · (γ + 1).
(0.1)
For genus zero surfaces the result of Hersch [17] states that the equality in the inequality above is achieved on the standard round sphere. In [2] Berger asked whether the flat equilateral torus maximises the quantity λ 1 (g)Vol g (M) among all metrics on the torus. Later Nadirashvili [32] developed an approach to the Berger problem by maximising the first eigenvalues in conformal classes, see also [33] . Since his paper there has been a growing interest in the extremal problems for eigenvalues on surfaces, and in particular, extremal problems in conformal classes. For the progress on the subject we refer to the papers [6, 9, 10] as well as [21, 22, 11] and references there. The previous work [21, 33] together with numerical evidence indicate that metrics maximising Laplace eigenvalues are expected to be singular. This poses the following natural questions.
What singularities of maximal metrics can occur, in principle? Is it possible to describe them?
From the perspective of calculus of variations, the occurrence of singularities means that the class of smooth Riemannian metrics is not natural for such extremal problems. In other words, there should be developed a new formalism allowing to deal with singular objects. This point of view leads to the questions of the following kind.
What is an appropriate variational setting for the eigenvalue extremal problems on singular metrics? In particular, what is the right notion of extremality for singular metrics?
One of the purposes of this paper is to develop a general setting in which a circle of similar problems can be addressed. Below we describe its content in more detail.
Paper aims and organisation
We study the existence and properties of metrics maximising the first eigenvalue λ 1 (g)Vol g (M) (and, more generally, the kth eigenvalue λ k (g)Vol g (M)) among conformal metrics on Riemannian surfaces. More precisely, the purpose of this paper is to develop an approach to this problem via the direct method of calculus of variations. We show that the Laplace eigenvalues λ k (g) naturally extend to 'weak conformal metrics', understood as Radon measures, prove bounds for them, and derive first variation formulas. The latter are used to study regularity properties of λ k -extremal metrics in this general setting. The principal applications of our method are concerned with the existence and partial regularity of maximisers for the first eigenvalue. The following sample statement illustrates the results in Sect. 3-5. 
is compact.
The theorem states the existence of a λ 1 -maximal metric which should be understood in a generalised sense as a Radon measure µ. It is partially regular in the sense that its absolutely continuous part has a density which is C ∞ -smooth away from the singular set Σ. The theorem does not rule out a pathological situation when the absolutely continuous part of µ is trivial, that is when µ is supported in a nowhere dense set Σ of zero Lebesgue measure.
Hypothesis (0.2) is included to guarantee that the maximiser is not pathologically singular; it is a capacitory Radon measure, that is, it vanishes on sets of zero capacity. However, in general, we can not rule out possible singularities on sets of positive capacity. The compactness of the embedding (0.3) is an independent and delicate issue. It is closely related to the behaviour of sharp constants in the so-called isocapacitory inequalities. Studying this relationship, we obtain asymptotics for the values µ(B(x, r)) as r → 0, which describe the margin between the validity and failure of the compactness of the embedding (0.3). These asymptotics show that there are capacitory measures for which the embedding (0.3) is not compact.
The paper is organised in the following way. In Sect. 1 we describe a general setup for the variational problem. First, we show that Laplace eigenvalues naturally extend to the set of Radon measures (which play the role of "weakly conformal metrics") where they are upper semi-continuous in the weak topology. We also discuss the boundedness of eigenvalues among non-atomic probability measures, based on earlier results of Grigor'yan and Yau, and the properties of eigenfunctions.
In Sect. 2 we study properties of the measures with non-vanishing first eigenvalue. We show that this hypothesis is equivalent to the validity of a linear isocapacitory inequality, and compare it with isocapacitory characterisations of the compactness hypothesis for the embedding (0.3). In Sect. 3 we give a general statement on the existence of a λ 1 -maximal Radon measure. Sect. 4 is devoted to the actual calculus of variations -we define a notion of extremality and derive the first variation formulas (Lemma 4.3) for an arbitrary eigenvalue λ k . These are then used to prove a complete regularity (Theorem C k ) of any λ k -extremal metric under the hypothesis that the embedding (0.3) is compact. In Sect. 5 we describe a complementary approach which yields the existence of partially regular maximisers in each conformal class.
The principal part of the paper ends with a collection of other related results and remarks in Sect. 6 . These include the concentration-compactness properties of extremal metrics, geometric hypotheses allowing to obtain better regularity, and a number of open questions. The paper contains two appendices where we collect details of technical or complementary nature for the reader's convenience.
Eigenvalues on measure spaces
Classical notation
Let M be a compact smooth surface with or without boundary. Recall that for a Riemannian metric g on M the Laplace operator −∆ g in local coordinates (x i ), 1 i 2, has the form
where (g i j ) are components of the metric g, (g i j ) is the inverse tensor, and |g| stands for det(g i j ). Above we use the summation convention for the repeated indices. The Laplace eigenvalues
are real numbers for which the equation
has a non-trivial solution. In the case when M has a non-empty boundary, we suppose that the solutions u above satisfy Neumann boundary conditions. The solutions of equa-tion (1.1) are called eigenfunctions, and their collection over all eigenvalues forms a complete orthogonal basis in L 2 (M). Recall that by variational characterisation
where the infimum is taken over all (k + 1)-dimensional subspaces in C ∞ (M), the supremum is over non-trivial u ∈ Λ k+1 , and R g (u) stands for the Rayleigh quotient,
The infimum in relation (1.2) is achieved on the space spanned by the first (k + 1) eigenfunctions.
The setup for measure spaces. Grigor'yan-Yau bounds.
Let M be a compact surface and c be a conformal class of C ∞ -smooth metrics on M. The conformal metrics from c can be identified with their volume measures, and to apply variational methods, we consider eigenvalues as functionals of more general measures on M.
The reasoning is that the space of conformal Riemannian metrics does not possess any compactness properties and, in fact, is not even closed in any natural topology. Besides, we expect that maximal metrics (that is eigenvalues maximisers) may be degenerate, see [21, 33] , and we should be able to assign the values λ k to such metrics. For a Radon measure µ on M the kth eigenvalue λ k (µ, c) is defined by the min-max principle
where the infimum is taken over all (k + 1)-dimensional subspaces Λ k+1 ⊂ L 2 (M, µ) formed by C ∞ -smooth functions, the supremum is over non-trivial u ∈ Λ k+1 , and R c (u, µ) stands for the Rayleigh quotient
where g ∈ c is a reference metric. By conformal invariance of the Dirichlet energy, the Rayleigh quotient does not depend on a choice of such a metric g ∈ c.
The following example shows that so defined eigenvalues are natural generalisations of Laplace eigenvalues to certain degenerate metrics. Example 1.1 (Metrics with conical singularities). Let M be a compact surface, possibly with boundary, and h be a metric on M with conical singularities. Then, as is known, such a metric h is conformal to a genuine Riemannian metric g on M away from the singularities. The Dirichlet integral with respect to the metric h is defined as an improper integral; by the conformal invariance, it satisfies the relation
for any smooth function u. Thus, we conclude that the Laplace eigenvalues of a metric h coincide with the eigenvalues of the pair (Vol h , [g]) in the sense introduced above. Mention also that λ k (Vol h , [g]) coincide with other definitions of Laplace eigenvalues for metrics with conical singularities used in the literature, see e.g. [21] .
Clearly, the zero eigenvalue λ 0 (µ, c) vanishes for any measure µ and conformal class c. The corresponding eigenfunctions coincide with constant functions. The following example shows that for higher eigenvalues the eigenfunctions (orthogonal to constants) do not always exist. Example 1.2 (Possible pathologies). Let µ be a discrete measure supported at ℓ distinct points. Since the capacity of each point is equal to zero, it is straightforward to show that
for an arbitrary conformal class c on M.
Despite this example, it is straightforward to see that the kth eigenvalue λ k (µ, c) is finite for any measure whose support contains more than k distinct points. Further, the following result shows that the quantity λ k (µ, c)µ(M) is actually uniformly bounded for all continuous (that is with trivial discrete part) Radon measures µ. 
Moreover, if M is orientable, then the constant C can be chosen independently on the conformal class c in the form C * (γ + 1), where C * > 0 is a universal constant, and γ is the genus of M.
The theorem above is a consequence of the results by Grigor'yan and Yau [15, 16] , and is a basis for our variational approach. We outline its proof in Appendix A. The estimate (0.1) of Yang and Yau can be also generalised for continuous Radon measures to give a more precise version of Theorem A k for the first eigenvalue, see [27] . 
Theorem
where γ is the genus of M. Example 1.3 (Steklov eigenvalues). Let M be a surface with boundary, endowed with a conformal class c. For a Riemannian metric g ∈ c let µ g be its boundary volume measure. Then the eigenvalues λ k (µ g , c) coincide with the so-called Steklov eigenvalues of a metric g, representing the spectrum of the Dirichlet-to-Neumann map. We refer to the recent papers [14, 12] for the account and further references on the subject. In particular, Theorems A k and A 1 above yield isoperimetric inequalities for the Steklov eigenvalues, complementing earlier results by Weinstock [39] and Fraser and Schoen [12] . Now the existence problem for a maximising λ k (g)Vol g (M) metric in c splits into the two separate parts: the existence of a weak maximiser -that is a continuous Radon measure maximising the quantity λ k (µ, c)µ(M) among all continuous Radon measures, and the regularity theory for weak maximisers. The following upper semi-continuity property is an important ingredient for the former. Proposition 1.1 (Upper semi-continuity). Let (M, c) be a compact Riemann surface, and (µ n ), n = 1, 2, . . ., be a sequence of Radon probability measures on M converging weakly to a Radon probability measure µ. Then for any k 0 we have
By weak convergence of measures, we obtain that
In other words, for a sufficiently large n we have
The latter implies that
for all sufficiently large n, and passing to the limit, we obtain
Since ε > 0 above is arbitrary, we are done.
Preliminaries on eigenfunctions
Here we collect a number of elementary statements describing properties of eigenfunctions in the setting of measure spaces. We start with introducing a natural space for the Rayleigh quotient (1.3) , that is the space
here the second space in the intersection is formed by distributions whose first derivatives are in L 2 (M, Vol g ), see [30] . Following classical terminology, a function u ∈ L is called an
and the value R c (u, µ) coincides with λ k (µ, c). The following characterisation of eigenfunctions is often used in sequel. 
Proof. Let u be an eigenfunction for λ k (µ, c), and denote by Λ k+1 the span of eigenfunctions corresponding to λ ℓ (µ, c), where 0 ℓ k. For a test-function ϕ ∈ Λ k+1 the function
has a maximum at t = 0, and relation (1.5) follows by differentiation of the Rayleigh quotient at t = 0. Further for a test-function ϕ from the orthogonal complement of Λ k+1 in L the function (1.6) has a minimum at t = 0, and the conclusion follows in the same fashion.
Conversely, suppose that a function u satisfies identity (1.5) for any ϕ ∈ L . Then, in particular, the value of the Rayleigh quotient R c (u, µ) coincides with λ k (µ, c). The (k + 1)-dimensional space containing u and satisfying (1.4) can be constructed as a span of u with eigenfunctions corresponding to lower eigenvalues as well as eigenvalues that coincide with λ k (µ, c).
Mention that the hypothesis on the existence of lower eigenfunctions, in Prop. 1.2, is vacuous for the first eigenvalue. In general, the existence of eigenfunctions is related to the compactness of the embedding
The following statement follows by fairly standard arguments; we outline them for the sake of completeness. Proof. We prove the theorem by induction in k. The statement on the existence of eigenfunctions is, clearly, true for k = 0. Suppose the eigenfunctions exist for any ℓ (k − 1); there is a collection of pair-wise orthogonal eigenfunctions ϕ ℓ corresponding to λ ℓ (µ), where ℓ (k − 1). We are to prove the existence of an eigenfunction for λ k (µ) which is orthogonal to the span of the ϕ ℓ 's. Let (u n ) be a minimising sequence for the Rayleigh quotient R c (u, µ) in the orthogonal complement of the span of the ϕ ℓ 's;
Since the embedding (1.7) is compact, we conclude that (u n ) contains a subsequence converging weakly in L 1 2 (M, Vol g ) and strongly in L 2 (M, µ) to a function u ∈ L . Clearly, the limit function u is orthogonal to the span of the ϕ ℓ 's, and its norm in L 2 (M, µ) equals one. By lower semi-continuity of the Dirichlet energy, we further obtain
Thus, we conclude that the function u is indeed a minimiser for the Rayleigh quotient R c (u, µ) among functions orthogonal to the span of the ϕ ℓ 's. The statement on the dimension of eigenfunctions corresponding to equal eigenvalues follows by the same compactness argument.
The existence of eigenfunctions lies at the heart of our method establishing the regularity of extremal metrics in Sect. 4. The hypotheses ensuring the existence are related to the so-called Maz'ja isocapacitory inequalities and studied in more detail in the following section.
Measures with non-vanishing first eigenvalue
No atoms lemma
In this section we study Radon measures on M with non-vanishing first eigenvalue. To avoid dealing with trivial pathologies we always assume that the measures under consideration are not Dirac measures. The first useful result shows that such measures have to be continuous, that is with trivial discrete part. Proof. For the sake of simplicity, we prove the lemma for the case when M is closed only. Let x ∈ M be a point of positive mass, m = µ(x) > 0. Denote by µ * the measure (µ − mδ x ), and let Ω be a coordinate ball around x such that δ = µ * (M\Ω) is strictly positive. Since the capacity of a point is zero, then for a given ε > 0 there exists a function ϕ ∈ C ∞ 0 (Ω) such that 0 ϕ 1,
The integral above refers to a fixed metric g ∈ c. Denote by α the mean-value of the function ϕ,
Then by variational principle, we have
The right-hand side is not greater than ε, and due to the choice of ϕ, we obtain
By elementary analysis, the left-hand side above is bounded below by the quantity
Since m and δ are strictly positive, and ε is arbitrary, we conclude that the first eigenvalue λ 1 (µ, c) has to vanish.
Bounds via fundamental tone and isocapacitory inequalities
We proceed with showing that measures with non-vanishing first eigenvalue satisfy certain Poincare inequalities. The latter are closely related to the the notion of the fundamental tone, which we recall now. For a subdomain Ω ⊂ M with non-empty boundary the fundamental tone λ * (Ω, µ) is defined as the infimum of the Rayleigh quotient R c (u, µ) over all smooth functions supported in Ω. The following lemma gives bounds for the first eigenvalue in terms of the fundamental tone; a similar statement in a slightly different context can be found in [4] . 
where the infimums are taken over all subdomains
Proof. First we prove the upper bound. Let u be a smooth function supported in Ω, and we suppose that the integral u 2 dµ equals one. Denote byū its mean value, that is the integral udµ. Then we have
From this, we conclude that
Since the domain Ω is arbitrary, we further obtain
We proceed with demonstrating the lower bound. Let u be a test-function for the first eigenvalue, that is
Denote by c a real number such that
Further, by u + c and u − c we denote the non-negative and non-positive parts of (u − c), and by Ω ± their supports respectively. First, note that
Using this relation, we obtain
By (2.1) the last integral clearly equals (1 + c 2 ), and we conclude that
Taking the infimum over all test-functions, we thus get the lower bound for λ 1 (u, µ).
One of the consequences of this lemma is the characterisation of measures with nonvanishing first eigenvalue λ 1 (µ, c) via isocapacitory inequalities. To explain this we introduce more notation.
Let Ω ⊂ M be an open subdomain. For any compact set F ⊂ Ω the capacity Cap(F, Ω) is defined as
Further, by the isocapacity constant β (Ω, µ) of Ω we call the quantity
By the results of Maz'ja [30, Sect. 2.3.3], see also [4] , the isocapacity constant and the fundamental tone are related by the following inequalities:
Combining these with Lemma 2.2, we obtain the following corollary.
Corollary 2.3. Under the hypotheses of Lemma 2.2, we have
where the infimums are taken over all subdomains Ω ⊂ M such that 0 < µ(Ω) 1/2. In particular, the first eigenvalue λ 1 (µ, c) is positive if and only if the isocapacity constant β (Ω, µ) is bounded as Ω ranges over all subdomains such that 0 < µ(Ω) 1/2.
As another consequence, we mention the following statement.
Corollary 2.4. Under the hypotheses of Lemma 2.2, a measure with positive first eigenvalue does not charge sets of zero capacity.
Existence of eigenfunctions and Maz'ja theorems
As we know, see Sect. 1, the existence of eigenfunctions is ensured by the compact embedding of the spaces
In this section we describe necessary and sufficient conditions for this hypothesis. (ii) Conversely, suppose that the measure µ is not completely singular, has a positive first eigenvalue λ 1 (µ, c), and the space
Proof. We start with the proof of the statement (i); it is sufficient to show that any se-
3) is compact, by Prop. 1.3 the first eigenvalue is positive, and by Lemma 2.2 so is the fundamental tone λ * (Ω) of any sufficiently small subdomain Ω ⊂ M. Let (Ω i ) be a finite covering of M by such subdomains, and (ϕ i ) be the corresponding partition of unity.
Then we obtain
where the positive constant C i depends on λ * (Ω i ) and the ϕ i , and the claim follows by summing up these inequalities. Now we demonstarte the statement (ii). First, denote by L 0 the subspace of L formed by functions with zero mean value with respect to µ. It is sufficient to show that any bounded sequence of smooth functions in L 0 is also bounded in W 1,2 (M, Vol g ). More precisely, we claim that there exists a constant C such that for any smooth function u ∈ L 0 the inequality
holds. Indeed, suppose the contrary. Then there exists a sequence (u n ) such that
Since the first eigenvalue does not vanish, we also have
for any u ∈ L 0 . Then, after a selection of a subsequence, the u n 's converge weakly in L 0 , and also strongly in L 2 (M, Vol g ), to some function v ∈ L 0 . By the second relation in (2.4) this limit function has to be constant almost everywhere with respect to Vol g . Further, relation (2.5) shows that v vanishes almost everywhere with respect to the measure µ.
Since µ is not completely singular, then from the above we conclude that v vanishes almost everywhere also with respect to Vol g . However, from (2.4) we see that the L 2 -norm of v equals to one. Thus, we arrive at a contradiction, and the claim is proved.
By the results of Maz'ja the compactness of the embedding W 1,2 (M, Vol g ) into the space L 2 (M, µ) is characterised by the decay of the isocapacity constant on small balls. More precisely, the following result is essentially contained in [30] , see also [1, Sect. 7] . Combining this result with Lemma 2.5, we obtain the following consequence. Remark. First, mention that due to (2.2) the decay hypothesis on the isocapacity constant is equivalent to the growth of the fundamental tone on small balls. Second, following Maz'ja [30] , one can also consider the isocapacity function β r (Ω), defined as the quantity
Corollary 2.6. Under the hypotheses of Lemma 2.5, we have (i) if the embedding (2.3) is compact, then
Then the hypothesis (2.6) in the corollary above can be replaced by the supposition that M can be covered by open sets Ω i whose isocapacity functions β r (Ω i ) converge to zero as r → 0.
Recall that by Prop. 1.3, the compactness of the embedding (2.3) for a measure µ implies that its first eigenvalue λ 1 (µ, c) does not vanish. However, the converse does not hold. More precisely, by Corollary 2.6 the measures for which the embedding (2.3) is compact satisfy the following (weaker than (2.6)) hypothesis
We claim that there are measures with positive first eigenvalue for which this hypothesis fails. For this it is sufficient to construct a compactly supported measure in R 2 with bounded logarithmic potential such that the quantity µ(B(x, r)) ln(1/r) does not converge to zero uniformly. 
where q > 1. Then the embedding (2.3) is compact and, in particular, the first eigenvalue
The hypotheses above actually yield a stronger conclusion: the space L in this case embeds compactly into L 2q (M, µ). Conversely, the compact embedding into L 2q (M, µ) implies relation (2.8), under the hypotheses on the measure above. The proof appears at the end of the section; it is based on the following theorem due to Maz'ja, contained in [ 
where the sup is taken over all x ∈ Ω.
We proceed with examples illustrating Lemma 2.7 in action.
Example 2.1. Let µ be an absolutely continuous measure, that is given by the integral
Suppose that the density function f is L p -integrable for some p > 1. 
Proof of Lemma 2.7
We start with the following statement. 
for any F ⊂ Ω ⊂ G, where F is a closed set.
Proof. First, we introduce another capacity quantity on compact sets F in the Euclidean plane:
As is known [30, 34] , its values on balls behave asymptotically like O(ln(1/r)), and by the claim hypotheses we obtain that
for some constant C 2 , where x ∈ R 2 and 0 r 1. By the result of Maz'ja in [30, Sect. 8.5] , this inequality extends to any compact set F, 10) possibly with another constant C 3 independent of F. Now we claim that the latter implies that
for any F ⊂ Ω ⊂ G. Indeed, as is known [34, Sect. 6] , there is a constant C 5 , depending on the diameter of G only, such that
for any F ⊂ Ω ⊂ G, where the second inequality is a monotonicity property of Cap. This together with (2.10) demonstrates inequality (2.11), which, in turn, yields inequality (2.9); the constant C 1 can be chosen to be the maximum of C 4 and the total mass of µ.
To prove Lemma 2.7 we fix a reference metric g ∈ c and choose a finite open covering (V i ) of M by charts on which g is conformally Euclidean. Using the partition of unity, we can decompose µ into the sum of measures µ i , where each µ i is supported in V i . By c i we denote the conformal class on V i obtained by restricting the metrics from c. Combining Claim 2.8 and Corollary 2.3, we see that the first eigenvalues λ 1 (µ i , c i ) are positive. It is straightforward to see that so are the first eigenvalues λ 1 (µ i , c),
Now we apply the second Maz'ja theorem together with Lemma 2.5 to conclude that the embedding
Weak maximisers for the first eigenvalue
The main theorem
Recall that, identifying conformal metrics with their volume forms, we extended the eigenvalues λ k (g) to a class of Radon probability measures on M. On the class of continuous measures the eigenvalues are still bounded, and the purpose of this section is to show the sup λ 1 (µ, c) is achieved in this class. More precisely, we have the following statement. Before proving the theorem we make two remarks. First, the maximal measure clearly has a positive first eigenvalue and, thus, satisfies a certain isocapacitory inequality, see Sect. 2. In particular, the class of continuous Radon measures in the theorem above can be significantly narrowed, for example, to the Radon measures that do not charge sets of zero capacity. Second, the following result of Colbois and El Soufi [6] shows that the hypothesis (3.1) is not very significant for closed surfaces M: for any conformal class c on a closed surface M the quantity
is greater or equal to 8π.
Due to the upper-semicontinuity property of the eigenvalues the proof of Theorem B 1 is essentially concerned with ruling out measures with non-trivial discrete part as limit maximal measures.
Proof of Theorem B 1 . Denote by Λ 1 the quantity sup{λ 1 (µ, c) : µ is a continuous Radon probability measure on M}, and let µ n be a maximising sequence of continuous Radon measures, λ 1 (µ n , c) → Λ 1 as n → +∞. Since the space of Radon probability measures on a compact surface M is weakly compact, we can assume that the µ n 's converge weakly to a Radon probability measure µ. By upper semi-continuity (Lemma 1.1), for a proof of the theorem it is sufficient to show that µ is continuous. Since Λ 1 > 8π, then by Lemma 3.1 below the measure µ can not be a Dirac measure. Further, the combination of upper semi-continuity and Lemma 2.1 implies that µ can not have a non-trivial discrete part and, thus, is a continuous Radon measure.
Concentration of measures
Recall that by the example in Sect. 1 the first eigenvalue of the Dirac measure is infinite. Nevertheless, the following lemma shows that it is possible to bound the lim sup λ 1 (µ n ) for a sequence µ n converging to the Dirac measure. A similar statement for Riemannian volume measures has been sketched in [32, p. 888-889] , and the details have been worked out in [13] ; we give a proof following the idea in [25] . 
be a conformal map into the unit sphere in R 3 . Since a point on Euclidean plane has zero capacity, then for any ε > 0 there exists a function ψ ∈ C ∞ 0 (Ω) such that 0 ψ 1,
By the Hersch lemma, Appendix A, there exists a conformal transformation s n :
where (x i ) are coordinate functions in R 3 . Using the functions ϕ i n = ψ(x i • s n • φ ) as testfunctions for the Rayleigh quotient, we obtain
for any i = 1, 2, 3. Summing over all ı's yields
The right-hand side can be estimated as
The first sum on the right-hand side can be further estimated by the quantity
here we used the conformal invariance of the Dirichlet energy, which in particular implies that the energy of a conformal diffeomorphism of S 2 equals 8π. Similarly the second sum is not greater that
Using these two estimates and the fact that the Dirichlet energy of ψ is less than ε, we obtain
Combining the last inequality with (3.2), and passing to the limit as n → +∞, we arrive at the following relation
Since ε > 0 is arbitrary, we conclude that the left-hand side is not greater than 8π.
Remark. There is a version of Lemma 3.1 also for higher eigenvalues. More precisely, the arguments outlined in Appendix A yield the following statement: for any sequence of Radon measures (µ n ) converging weakly to a pure discrete measure the inequality
holds, where C * is the universal Korevaar(-Grigor'yan-Yau) constant.
Elements of regularity theory
The main theorem
Let (M, c) be a compact Riemann surface. For a given Radon probability measure µ on M by its conformal deformation we call the family of probability measures
where X ⊂ M is a Borel subset, and φ ∈ L ∞ (M) is a generating function. Since two generating functions that differ by a constant define the same family µ t , we always assume they have zero mean-value with respect to µ. 
where µ t is defined by (4.1), satisfies either the inequality
In particular, we see that any λ k -maximiser is extremal under conformal deformations. The definition above is a natural generalisation of the one given by Nadirashvili [32] , and also studied in [9, 10] , for smooth Riemannian metrics.
The purpose of this section is to study regularity properties of extremal measures. Recall that any Radon measure µ decomposes into the sum µ = f dVol g + µ⌊Σ of its absolutely continuous and singular parts; the set Σ has zero Lebesgue measure and is called the singular set of µ. This decomposition explains the terminology used in sequel -we say that a measure µ "defines a metric conformal to g away from the singular set Σ", viewing the density function f as the "conformal factor of such a metric". The regularity properties of µ are essentially concerned with the following questions.
(i) How smooth is the density function f of a given extremal measure? When is it C ∞ -smooth?
(ii) What are the properties of the singular set Σ of an extremal measure, and when is it empty?
Below we give complete answers to these questions under the hypothesis that the embedding
is compact. We refer to Sect. 2 for the examples and description of measures that satisfy this hypothesis. Another question, closely related to regularity, is concerned with the properties of the support S of a given λ k -extremal measure. For example, if a λ k -maximal measure is the limit of Riemannian volume measures, then the regions where it vanishes are precisely the regions where the corresponding Riemannian metrics collapse. In general, the support of a λ k -extremal measure does not have to coincide with M. More precisely, the example below shows that there are completely singular extremal measures, that is supported in zero Lebesgue measure sets. Example 4.1 (Singular extremal measures). Let M be a 2-dimensional disk, and µ g be a boundary length measure of the Euclidean metric g. Rescaling the metric, we can suppose that µ g is a probability measure. Its first eigenvalue λ 1 (µ g , [g]) coincides with the first Steklov eigenvalue of g and, as is known [39, 12] , is equal to 2π. Moreover, the argument in [12, Th. 2.3] shows that µ g maximises λ 1 (µ, [g]) among all continuous probability measures supported in the boundary ∂ M. Since the conformal deformations given by (4.1) do not change the support of a measure, we conclude that µ g is λ 1 -extremal in the sense of Definition 4.1. Now we state our principal result; it deals with regularity properties of a λ k -extremal measure in the interior of its support.
Theorem C k . Let M be a compact surface, possibly with boundary, endowed with a conformal class c of Riemannian metrics. Let µ be a λ k -extremal measure which is not completely singular and such that the embedding (4.2) is compact. Then the measure µ is absolutely continuous (with respect to Vol g ) in the interior of its support S ⊂ M, its density function is C ∞ -smooth in S and vanishes at isolated points only. In other words, the measure µ defines a C ∞ -smooth metric on S, conformal to g ∈ c away from isolated degeneracies which are conical singularities.
The following example suggests that the compact embedding hypothesis may hold when an extremal metric has sufficiently many symmetries. Example 4.2 (Symmetries and regularity). Let M be a surface, possibly with boundary, and c be a conformal class of Riemannian metrics on it. Further, let µ be a λ k -extremal metric on M, understood as a non-completely singular Radon measure, and suppose that µ is invariant under a free smooth circle action on M. Then µ is a Riemannian metric which is C ∞ -smooth in the interior of its support. Indeed, by the classical disintegration theory [7] any circle-invariant measure locally splits as a product of two measures; one of them is a uniform measure on a reference orbit, see details in [26] . This shows that there is a constant C such that for any sufficiently small ball B(x, r) ⊂ M the following inequality holds µ(B(x, r)) Cr for any x ∈ M. Now Lemma 2.7 implies that the embedding (4.2) is compact, and by Theorem C k the measure µ is the volume measure of a C ∞ -smooth metric in the interior of its support.
We end this introduction with remarks on conical singularities of extremal metrics. Recall that for a given metric a point p ∈ M is called its conical singularity of order α (or of angle 2π(α + 1)) if in an appropriate local complex coordinate the metric has the form |z| 2α ρ(z) |dz| 2 , where ρ(z) > 0. In other words, near p the metric is conformal to the Euclidean cone of total angle 2π(α + 1). First, the conical singularities of an extremal metric in Theorem C k have angles that are integer multiples of 2π. This follows from the proof, where we show that they correspond to branch points of certain harmonic maps. The above applies to singularities in the interior of the supports only. Mention that on the boundary an extremal metric can have more complicated degeneracies. For example, the metric on a 2-dimensional disk D, regarded as a punctured round sphere, maximises the first eigenvalue and vanishes on the boundary. We claim that such a metric has to be C ∞ -smooth, and the angles at its conical singularities are integer multiplies of 2π. Indeed, by Example 2.1 the embedding (4.2) is compact, and the statement follows from Theorem C k together with the discussion above. Mention that a hypothetical λ 1 -maximal metric on a genus 2-surface, obtained in [21] , satisfies this conclusion.
Continuity properties
We start with establishing the continuity properties of eigenvalues and eigenspaces corresponding to the family of measures µ t . We consider these issues in a slightly more general setting that is necessary for applications, describing a suitable topology on the space of probability measures. In general, the distance d(µ, µ ′ ) may take infinite values; however, it does determines a topology on the space of probability measures, which is stronger than the weak topology. For example, the family of measures µ t given by (4.1), is always continuous in it. Mention that for measures with finite distance the corresponding L 2 -spaces, regarded as topological vector spaces, coincide. In particular, the embedding (4.2) is compact or not for such measures simultaneously. In sequel we often use the introduced distance in the form of the following inequality:
where v is an arbitrary non-negative function. We demonstrate this in the following lemma. 
Proof. First, in view of the upper semi-continuity property (Prop. 1.1), it is sufficient to prove that λ k (µ, c) lim inf λ k (µ n , c).
We claim that the sequence
converges to zero as n → +∞. Indeed, for any u ∈ Λ n , we have
Here by C we denote the upper bound for the sequence (λ k (µ n , c) + 1/n); since λ k (µ, c) is finite, by upper semi-continuity such a bound exists. The last estimate shows that the absolute value of quanity (4.4) is also bounded by C · δ (µ, µ n ), and hence converges to zero. Thus, we have
and the claim is demonstrated.
We proceed with the continuity properties of eigenspaces. Below we suppose that for Radon measures µ and µ n the embedding (4.2) is compact. Denote by E k and E n,k the eigenspaces corresponding to λ k (µ, c) and λ k (µ n , c) respectively, and by Π k and Π n,k the orthogonal projections on E k and E n,k , regarded as subspaces in L 2 (M, µ). The following lemma can be obtained as a consequence of Kato's perturbation theory for Dirichlet forms [24] ; the proof details can be found in Appendix B. Remark. The arguments in Appendix B show that the lemma above can be re-phrased in a number of other ways. For example, if Π * n,k is an orthogonal projection on E n,k as a subspace in L 2 (M, µ n ), then the norm |Π k − Π * n,k | of the operators in L 2 (M, µ n ) also converges to zero as n → +∞.
First variation formulas
The purpose of this sub-section is to prove the following first variation formulas for the eigenvalue functionals. 
where E k is the space spanned by eigenfunctions corresponding to the eigenvalue λ k (µ, c), and the sup and inf are taken over non-trivial functions.
Proof. Below we prove the second identity. The first identity follows by similar arguments. Let E t and E k be the eigenspaces corresponding to λ k (µ t , c) and λ k (µ, c).The following statements are proved in Appendix B.
Claim 4.4.
The eigenvalues λ k (µ t ) and λ k (µ) satisfy the following inequalities:
where the infimums are taken over non-trivial functions.
Claim 4.5. The following limit identities hold:
where the infimums and supremums are assumed to be taken over non-trivial functions u.
First, it is straightforward to see from the definition of µ t that for any u ∈ L the following relation holds:
where ε(t) is a quantity that does not depend on u and converges to zero as t → 0. From this we obtain
for any function u ∈ L . Evaluating the quantities in this inequality on u ∈ E k , we conclude that
Combining this with the first relation in Claim 4.4, we get lim sup
Now evaluating the quantities in inequality (4.5) on u ∈ E t , we obtain that
Combining this with the second relation in Claim 4.4, we conclude that
Now by Claim 4.5 the quantity on the left-hand side above coincides with inf E k L φ (u, µ), and the second identity of the lemma follows by combination of inequalities (4.6) and (4.7).
Proof of Theorem C k
The following lemma is a key ingredient in our approach to the regularity theory for extremal measures. It is a sharpened version of the statement originally discovered by Nadirashvili [32] for Riemannian metrics.
Existence of partially regular maximisers
The main theorem
Recall that Theorem B 1 states that any λ 1 -maximising sequence of continuous Radon measures converges to a maximal continuous Radon measure µ provided
Due to Theorem C k the complete regularity of any maximiser requires the compactness of the embedding
which, as the results in Sect. 2 show, is a rather independent hypothesis. The purpose of this section is to show that there exist λ 1 -maximising sequences converging to measures which are always partially regular in the sense that they define a smooth Riemannian metric away from a nowhere dense singular set of zero Lebesgue measure. Such λ 1 -maximising sequences are described below. For a given increasing sequence (C n ) of real numbers such that C n → +∞ as n → +∞, we consider the sets C n formed by continuous Radon measures µ such that µ(B(x, r)) C n · r 2 for any closed metric ball B(x, r). Equivalently, the C n 's can be described as sets of absolutely continuous measures whose densities χ n are bounded above by C n . Clearly, each C n is closed in the weak topology and, thus, contains a measure µ n that maximises λ 1 (µ, c) in C n . If a given conformal class c satisfies the hypothesis (5.1), then, by Theorem B 1 the sequence (µ n ) contains a subsequence that converges weakly to a continuous λ 1 -maximal measure. Moreover, by the results in Sect. 2, the measure µ satisfies the linear isocapacitory inequality and, in paricular, does not charge sets of zero capacity. Our following result describes further regularity properties of this limit measure. The theorem says that if the maximal measure µ is not completely singular, than it is the volume measure of a smooth Riemannian metric in S, conformal to the ones in c, outside of a nowhere dense set of zero Lebesgue measure . As in Theorem C k , the zeroes of its density in S\Σ correspond to conical singularities of this metric. We decompose singular set Σ into the union of two sets Σ int and Σ out , defined as Σ int = Σ ∩ S, and Σ out = Σ\S.
In this notation, Theorem C k can be re-phrased as the following criterion for the emptiness of Σ int . The last theorem indicates on a relationship between the isocapacitory inequalities and the properties of the singular set Σ int in the case (ii). More precisely, let β (B(x, r) ) be the isocapacity constant of a closed ball, see Sect. 2, and Σ * be the complement of a maximal set where β (B(x, r) ) → 0 as r → 0 uniformly in x. Then Σ * is a subset of the singular set Σ int , and is empty if and only if so is Σ int . The last statement here is a consequence of Corollary 2.6. Alternatively, for a given α > 1 one can also consider the set Σ α that is the complement of a maximal set where
uniformly in x ∈ S. Then, Σ α ⊂ Σ int and from Lemma 2.7 we conclude that Σ α is empty if and only if so is the singular set Σ int .
Preliminary considerations
Let µ n ∈ C n be a probability measure that maximises the first eigenvalue λ 1 (µ, c) among all measures in C n . By χ n we denote its density, and by Σ n the set χ −1 n (C n ). Changing χ n on a zero Lebesgue measure set, we can always assume that the set Σ n is regular in the following sense: for any ε > 0 there exist a closed and open sets F and G such that
Let µ be the weak limit of the measures µ n , and S be the interior of its support.
We fix an open set D ⋐ S; without loss of generality, we can suppose that it belongs to the support of each µ n . Now consider the family of conformal deformations
with a zero mean-value function φ ∈ L ∞ (M) that vanishes on Σ n . Since the measures µ n,t belong to C n , we conclude that
Clearly, the embedding (5.2) is compact for any measure in C n , and thus the spaces of first eigenfunctions are non-empty and finite-dimensional. The following claim is essentially a consequence of the first variation formulas (Lemma 4.3).
Claim 5.1. For each measure µ n there exists a finite collection of eigenfunctions
Proof. Combining Lemma 4.3 with relation (5.4), we conclude that the quadratic form
is indefinite on the first eigenspace E for any zero mean-value function φ ∈ L ∞ (M\Σ n ). Now the conclusion follows from a separation argument similar to the one used in the proof of Lemma 4.6.
The following claim yields a formula for the densities χ n ; its proof is a repetition of the argument in the proof of Theorem C k , see Sect. 4. 5.1, the eigenfunctions (u i,n ) are smooth in the interior of D\Σ n , and so are the densities χ n . Moreover, we have the following relation
Claim 5.2. Under the conditions of Claim
for any interior point x ∈ D\Σ n .
Finally, we need the following statement. When the measure µ is the genuine volume measure of a C ∞ -smooth Riemannian metric, the statement is classical and is due to Cheng [5] . The proof in the general case is a slight modification of Cheng's arguments and is based on the results in [19, 20] and [37] . For the sake of completeness, we outline it below.
Outline of the proof. We consider the case when M is closed. The multiplicity estimate for manifolds with boundary follows by similar arguments, but is more implicit and depends on the genus and the number of boundary components of M. Below we denote by µ an absolutely continuous measure with bounded density, and by u its first eigenfunction. By Prop. 1.2 we can regard u as a solution of the Schrodiger equation with bounded potential.
1.
Recall that by the results in [19, 20] , combined with the unique continuation property [37] , an eigenfunction u has a finite vanishing order at any point x 0 from the nodal set u −1 (0). More precisely, there exists a non-negative integer N such that in a vicinity of x 0 we have
where 0 < ε < 1, and P N is a homogeneous harmonic polynomial of order N. 2. Since the density of µ is bounded, any eigenfunction u is C 1,α -smooth, for any 0 < α < 1, and a modification of the argument in [5, Lemma 2.4] shows that there exists a homeomorphism h of a neighbourhood of x 0 to a neighbourhood of the origin such that u(x) = P N (h(x)). This together with the results in [20] shows that:
• the nodal set of u consists of a finite number of C 2,ε -smooth immersed closed curves;
• the critical points of the nodal set are isolated.
3.
Let u be an eigenfunction corresponding to the eigenvalue λ 1 . Then the same topological argument as in [5] , combined with Courant's nodal domains principle, shows that for any x ∈ u −1 (0) its vanishing order is at most 2γ + 1, where γ is the genus of M. 4. The above statement now implies the bound on the multiplicity of λ 1 in the following fashion. For a given point x ∈ M consider the space V of first eigenfunctions that vanish at x, and denote by V i its subspace formed by eigenfunctions whose vanishing order at x is at least i. The subspaces V i form a nested sequence V i+1 ⊂ V i , and by the discussion above V i is trivial for i > 2γ + 1. The multiplicity bound follows from the bound on the dimension of V which, in turn, can be obtained by bounding the dimension of each factor-space V i /V i+1 , where 1 i 2γ + 1. The latter is, clearly, not greater than (i + 1), the dimension of homogeneous polynomials on R 2 of order i. From this we conclude that the multiplicity of λ 1 is not greater than (2γ + 2)(2γ + 3)/2.
Proof of Theorem D 1
Denote by Σ * n the union ∪ k n Σ k . Since the volumes of the Σ n 's converge to zero,
then selecting their subsequence, if necessary, we can suppose that so do the volumes of the Σ * n 's. Further, the sequence Σ * n is nested, and by Σ we denote its limit, that is ∩ n Σ * n . Clearly, the limit set Σ has a zero Lebesgue measure. Besides, it satisfies property (5.3) and, in particular, is nowhere dense in M. Now let G be an open neighbourhood of Σ; it also contains sets Σ * n for a sufficiently large n. By Claim 5.1, for any measure µ n there exists a collection of eigenfunctions (u i,n ) such that ∑ i u 2 i,n = 1 on D\G, where D ⋐ S is a fixed open set. By Claim 5.3, the multiplicities of the eigenvalues λ 1 (µ n , c) are bounded and, choosing a subsequence of the µ n 's, we can suppose that for each n ∈ N there is the same number of eigenfunctions (u i,n ),
In other words, for any measure µ n , we have a harmonic map
By Claim 5.2, we conclude that their energies are also bounded,
Now the bubble convergence theorem [35, 23] for harmonic maps applies on any compact subset F in the interior of D\Ḡ. More precisely, there exists a subsequence, also denoted by (U n ), that converges weakly in W 1,2 (F, S m−1 ) to a smooth harmonic map U : F → S m−1 . Moreover, there exists a finite number of 'bubble points' {x 1 , . . . , x ℓ } ⊂ F such that the U n 's converge in C ∞ -topology on compact sets in F\{x 1 , . . . , x ℓ }, and the energy densities |∇U n | 2 converge weakly in the sense of measures to |∇U| 2 plus a finite sum of Dirac measures:
By the uniqueness of the weak limit, we conclude that the restriction of the limit maximal measure µ on the interior of D\Ḡ has the form
However, by Theorem B 1 , the maximal measure µ is continuous and, thus, no 'bubble points' can occur in the expression above. Taking smaller sets G, we conclude that the limit harmonic map U is well-defined on D\Σ, and is a finite energy map on the whole D.
Exhausting the set S (the interior of the support of µ) by sets D ⋐ S, we further conclude that U extends to it as a finite energy harmonic map. Thus, the maximal measure µ on S has the form
where the last term stands for the interior singular part of µ. Finally, if |∇U| ≡ 0, then the zeroes of |∇U| correspond to the branch points of U; as is known [23, 36] , there can be only finite number of them on any compact subset in S\Σ.
Other related results and remarks
Concentration-compactness of extremal metrics
The ideas developed in Sect. 3-5 allow also to analyse the limits of sequences formed by extremal conformal metrics. The following statement is a general result in this direction. (i) the volume measures Vol(g n ℓ ) converge weakly to a pure Dirac measure δ x for some x ∈ M, and λ 1 (g n ℓ ) → 8π as ℓ → +∞;
(ii) the subsequence (g n ℓ ) converges smoothly to a λ 1 -extremal metric g (possibly with a finite number of conical singularities) and λ 1 (g n ℓ ) → λ 1 (g) as ℓ → +∞.
In particular, the theorem says that the set of conformal λ 1 -extremal metrics whose first eigenvalues are bounded away from 8π is always compact. The critical value 8π is the maximal first eigenvalue of unit volume metrics on the 2-sphere, and as is known (due to the non-compactness of the conformal group PSL(2, C)) the maximal metrics on it form a non-compact space. This compactness statement can be also viewed as a version of the following result by Montiel and Ros [31] : on a compact surface of positive genus each conformal class has at most one metric which admits a minimal immersion into a unit sphere by first eigenfunctions. Indeed, our statement says that the set of conformal metrics that admit harmonic maps (of energy bounded away from 8π) into a unit sphere by first eigenfunctions is compact. Here we, of course, assume that these metrics are allowed to have conical singularities.
The proof of Theorem E 1 follows closely the line of the argument in [25] where analogous results for Schrodinger eigenvalues have been proved. In fact, the formalism developed in this work allows to shorten the original proof in [25] significantly. Finally, mention that instead of smooth conformal metrics in the theorems above one can also consider partially regular metrics. The convergence is then understood on compact sets away from a nowhere dense zero Lebesgue measure singular set of the limit metric (together with a finite number of points where the volume concentartion may occur in Theorem E k ).
Remarks and open questions
1. At the moment we do not have any evidence that the hypothesis that the embedding
is compact is in any way related to the extremality. On the other hand, we also do not know any examples of maximal (or extremal) measures with a non-trivial singular set Σ int , where the density of a measure fails to be C ∞ -smooth. (Recall that by the results in Sect. 4 conical singularities do not qualify as such singular points.) It would be extremely interesting to see any such examples.
Maximising eigenvalues among circle-invariant conformal metrics.
One of the possibilities to achieve complete regularity of extremal metrics is to impose extra geometric hypotheses on them. For example, one can consider metrics with symmetries. In the note [26] , we show how this works for a class of conformal metrics invariant under a free circle action on the torus. In this setting one can show that for any k > 0 there exists a circle-invariant metric (in any conformal classc formed by such metrics), understood as a capacitory Radon measure, which maximises the kth eigenvalue among all such measures. Besides, any such λ k -extremal metric is (i) either completely singular and is supported in a zero Lebesgue measure set which is a union of circle orbits, or
(ii) it is a genuine metric inc, which is C ∞ -smooth in the interior of its support.
Mention that here there is no hypothesis on the maximal λ k -value, unlike in Theorem D 1 . The reason is that any circle-invariant Radon measure has a trivial discrete part. The circleinvariance also implies that the maximal metric (in the case (ii)) has no conical singularities and, thus, is a genuine Riemannian metric. More generally, it is interesting to understand how any (possibly partial) symmetry of a λ k -extremal metric (in the sense of Sect. 4) improves its regularity properties; cf. the example after Theorem C k .
Maximising eigenvalues among conformal metrics with integral curvature bound.
Another example when eigenvalue maximisers have good regularity properties is the extremal problem for conformal metrics with the integral Gaussian curvature bound
As is known, see [38] and Appendix in [3] , sequences of such conformal metrics of bounded volume satisfy concentration-compactness properties, and the concentration phenomenon can be controlled by positive lower bounds on eigenvalues. For example, there always exists a C 0,α -smooth λ 1 -maximiser among conformal metrics satisfying (6.2). On the other hand, maximising sequences for higher eigenvalues have limits that are C 0,α -smooth metrics away from a finite number of points. The latter are characterised by the volume concentration and, after an appropriate rescaling, correspond to the metrics on a collection of "bubble spheres" glued by thin tubes.
4.
Another important question concerns the existence of maximal completely singular measures. It seems plausible that such measures do not exist (although, as we know, see Sect. 4, there are extremal completely singular measures). More generally, it seems that the support of a maximal measure has to coincide with M.
5. The properties of the singular set Σ of a partially regular maximiser, constructed in Sect. 5, seem to be closely related to the properties of its subsets Σ * , where the isocapacity constant β (B(x, r) ) fails to converge to zero uniformly in x as r → 0. It is interesting to know more about the relationship between these sets; in particular, whether it is possible to describe the difference Σ\Σ * and the hypotheses when it is empty. Similarly, the properties of the difference Σ\Σ α , see Sect. 5, are also very interesting. They could lead to the estimates for the Hausdorff dimension of the singular set Σ. We hope to address these and related issues in a forthcoming work. 
Summing up these inequalities over all ı's and using the identity ∑(x i ) 2 = 1 on the unit sphere, we see that
The right-hand side here is the energy of the map (s • ϕ), which equals 8πd; see [8] .
Now Theorem A 1 follows by application of the Riemann-Roch theorem in the same fashion as in Yang-Yau [40] . As a consequence, we also obtain a version of Hersch's isoperimetric inequality for continuous Radon measures on the sphere S 2 . The estimates of Li and Yau [29] for the first eigenvalue via the conformal volume carry over our setting as well.
A.2. Proof of Theorem A k
Recall that the capacitor in M is a pair (F, G) of Borel subsets F ⊂ G. Given a reference metric g ∈ c, the capacity of a capacitor (F, G) is defined as
where the infimum is taken over all C ∞ -smooth functions on M whose support lies in the interior of G and such that ϕ ≡ 1 in a neighbourhood of F. The idea of the proof is to find a collection of (k + 1) disjoint capacitors (F i , G i ), that is with the disjoint G i 's, such that Indeed, any test-function ϕ i for the capacitor (F i , G i ) whose Dirichlet integral is not greater than (κ + ε) satisfies the inequality
Since the capacitors are disjoint, this inequality holds for any function from the span of the ϕ's, i = 0, . . . , k. Thus, we conclude that the kth eigenvalue λ k (µ, c) is not greater than (κ + ε)/v, and since ε is arbitrary, we get the bound (A.1).
The existence of a collection of disjoint capacitors satisfying the hypothesis (i) for any non-atomic measure is the main result in [15, 16] . On the other hand, since the capacity is defined with respect to a fixed Riemannian metric, the second hypothesis (ii) can be often easily demonstrated. Before explaining these ingredients in more detail, we first introduce more notation.
We regard the surface M as a metric space whose distance d is induced by the path lengths in the metric g. By an annulus A in M we call a subset of the following form {x ∈ M : r d(x, a) < R}, where a ∈ M and 0 r < R < ∞. We also use the notation 2A for the annulus {x ∈ M : r/2 d(x, a) < 2R}.
It is a consequence of standard results (see the proof of Theorem 5.3 in [16] ) that there exists a constant Q (depending on a reference metric g) such that for any open metric ball B the capacity Cap(B, 2B) is not greater than Q. It is then straightforward to show that for any annulus A in M one has Cap(A, 2A) 4Q, see [16, Lemma 2.3] .
Building on the ideas of Korevaar [28] , Grigor'yan and Yau showed that for any continuous measure µ one can always find a collection of disjoint annuli {2A i } such that the values µ(A i ) are bounded below by some positive constant. More precisely, in [15, 16] they prove the following statement. where the constant c depends only on N.
Clearly, the metric space (M, d) under consideration satisfies the hypothesis of this theorem, and using (A.2) we obtain the bounds
where the constant C equals 4Q/c. Now we show that when M is an orientable surface, the constant C can be chosen in the form C * (γ + 1), where C * is a universal constant and γ is the genus of M.
Regarding M as a Riemann surface and using the Riemann-Roch theorem, we can find a holomorphic branch cover u : M → S 2 whose degree is not greater than (γ + 1). Applying Grigor'yan-Yau theorem to the push-forward measure µ * on S 2 we find a collection of disjoint annuli {2A * i } such that µ * (A * i ) c * µ * (S 2 )/k.
Besides, we also have Cap(A * i , 2A * i ) 4Q * for some constant Q * , where the capacity is understood in the sense of the standard metric on S 2 . Setting F i = u −1 (A * i ) and G i = u −1 (2A * i ), we obtain a collection of disjoint capacitors on M that satisfy (i) with v equal to c * µ(M)/k. Further, since the Dirichlet integral is locally preserved by u, we conclude that these capacitors also satisfy (ii) with κ equal to 4Q * (γ + 1). Now the arguments described above yield the eigenvalue bounds λ k (µ, c)µ(M) C * (γ + 1)k, where C * equals 4Q * /c * . In particular, we see that λ k (µ, c)µ(M) is bounded over all conformal classes c and continuous Radon measures µ on M.
B. Appendix: proofs of statements in Sect. 4
B.1. Proof of Lemma 4.2
Recall that, since the integral distances d(µ, µ n ) are finite, the L 2 -spaces, regarded as topological vector spaces, corresponding to the measures µ and µ n coincide. Below by (·, ·) and (·, ·) n we denote the scalar products on this space corresponding to L 2 (M, µ) and L 2 (M, µ n ) respectively. We claim that the Dirichlet form
where the infimum is taken over all non-trivial u that do not lie in Λ t . The first inequality of the claim is a straightforward consequence of the following relation
